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ABSTRACT

The purpose of this paper is to characterize the commutative algebra
having the only one regular maximal ideal. We will show that the following
two statements are equivalent:

(1) There exists a nonzero idempotent v € A and a F-algebra homomor-
phism f: A — F such that xy=f(x)f(y)v, Vx, y€A.

(2) 1. There exists a nonzero idempotent u € A.
2. There exists a regular maximal ideal M such that MA=0.
3. A/M=F.

We first review some definitions and pfoperties, which are used in the
proof of conclusion and also we give an example to illustrate this result.

I want to dedicate this paper to my wife Hsieh Mei-Ling, I love her with
all my heart.
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I. Preliminaries

In this section, R denotes a commutative ring with identity.

Definition 1: A commutative R-algebra A is a unital R-module, that is also a

commutative ring such that
r(ab) = (ra)b = a(rb) Va,be A,r € R.

If there is an element e A such that ae=a=ea Va € A ,then A is called R-algebra

with identity e.

Definition 2: A R-submodule I of A is called an ideal of A. If I is stable under

multiplication and Al 1. Here Al denotes the set of all elements ab,
VYaceAbel.

Definition 3: An element e0 in A is called an idempotent, if e’ =e.

Definition 4: A proper ideal I of a commutative R-algebra A without identity is called a
regular ideal, if there exists an element ae A such that ar-re I, Vre A. Call
a regular maximal ideal, if it is a maximal ideal or equivalently the quotient
ring A/1 is a field. ‘

'Definition 5: The intersection of all regular maximal ideals of a R-algebra A is the radical
of A, denote Rad A.

Definition 6: Let A and B be two R-algebras, A R-module honiomorphism f. A—B is
called a R-algebra homomorphism, if fab)=f(a)f(b), V a, be A.

A bijetive homomorphism is called an isomorphism. A surjetive homomorphism
is called an epimorphism. Note that e and ¢' denote the identities of A and B, we will

always assume that f(e)=¢'.

Through this section, A denotes a commutative R-algebra without identity.
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Lemma I: If T is an ideal of A containing a regular ideal K, then I is a regular ideal.

proof: Since K is a regular ideal, there exists ac A suchthat ax—xe K c I,Vxe 4.

Thus I is a regular ideal.
Lemma 2: Every regular ideal of A is contained in a regular maximal ideal.
‘proof': Let I be a proper regular ideal of A. Then there exists ae 4 such that

ar-rel,Vre d.Set ¥ ={K | K is aregular ideal of A such that a¢ K and
IcK}Then X # ®,since [ ey .(faclthenareland I=A, hence agl). ¥ is -

a poset with set inclusion. Let {1, } be any chainin}., Then U I, is an upper
bound of the chain. We claim thatU I, € .. It is clear that U I, is an ideal.

Sine{ I, } is a chain, I ¢ Ufa and a¢UI, ,hence UI, €3 .By Zorn's lemma,

> has a maximal element M, then M is an ideal of A, agMand Ic M. We claim
that M is a maximal ideal. Let D be a regular ideal of A and M <DcA, Then
aeD. Since ar—-reM D Vre 4, hence reD,thus D=A. M is a regular

maximal ideal of A.
Lemma 3: If f: A—B is a homomorphism, then Kerf and A/kerf are R-algebras.
proof: Trivial.
Lemma 4: If f:A—B is an epimorphism, then A/Kerf = B.
proof: Trivial.

Lemma 5: Let A be a commutative R-algebra and u nonzero idempotent. Then u does

not belong to the radical of A.

proof : We first show that u = au—a Va e A.If u=au-a then a+u=au and

ua+u’ =u(a+u)=u - au=au = u* =u =0, a contradiction.
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Let S = fux—xVxe A}, We claim that S is a regular ideal of A.

Forany x,ye 4, reRbed

(wx—x)~(uy—y)=u(x—-y)-(x-y)€S

r(ux—x)=u(rx)—-rxes

and
b(ux —x) =u(bx)—bx e S
Thus S is a regular ideal. By lemma 2, there exists a regular maximal ideal M such

that Sc M. We claim that ugM. If ue M and M is a regular maximal ideal, then

Vx € Aux—xe S © M,ux € M implies xe M. Thus M=4, a contradition.

I : Main Result

Now, we give a characterization of a commutative F-algebra without identity

having exactly one regular maximal ideal. F denote a field.

Main theorem:

Let A be a commutative F-algebra. Then the following two conditions are

equivalent :

1. There exists ve A such that v#0=v? and for any x.y in 4, x - y=f(x)f())v,
where f: A—F is a F-algebra homomorphism such that f{v)=1.

2. (1) There exists a non-zero idempotent ue A.

(2) There exists exactly one regular méximal ideal M A.
Furthermore, Vime M,x € A,mx=0

(3) A/IM=F.
proof: (1=> 2) Since v0 and any x, y in A, xy=f(x)f(y)v, f(v)=1, then v - v=(v)f(v)v=v,
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hence v is nonzero idempotent in A.

2) Let M= {m ed|mx=0,Vxe A}. We claim that M is a regular ideal. For any

m, neM, a, xe A, reF, we have

(m-nx=mx-nx=0m~neM
(mn)x =m(nx)=m-0=0,mne M
(am)x =a(mx)=a-0=0,ame M

(rm)x=r(mx)=r-0=0,rme M

For any X, ye A, (vx=x) * y=(v)f0)v-x)y=fOlo)fv) f3)v-ft (x)f(y)v=0
hence vx-xe M, Thus M is a regular ideal of A.

We claim that M is a regular ‘maximal ideal. If I is any regular ideal, then there
exists ac A such that ax-xel, Vxe fA. Since I is a proper ideal of A, there exists be A
and bel such that a- b—-b= f(a)f(b)v-bel, hence fla)f(b) vel implies vel. If
there exists ael such that av+#0, then fla)v=f(a)f(v)v=avel, Since F is a field, hence
vel, a contradiction. Thus xv=0, Vx e [ implies Ic M. By lemma 1, we 'know that any

ideal containing M must be regular ideal, hence I=M. Therefore M is the only regular

maximal ideal.

(3) Consider that £ A—F is an epimorphism. Since f{v)=land f(rv) =rf(v) =r,Vr e F ;
we claim that Ker =M. For any me M,

m#f(m)f(v)vzf(m)v=0 implies f{m)=0

that is me Ker f and Mc ker f. But M is the only regular maximal ideal, hence
Ker f=M. By lemma 4,we have A/M=F.

Conversely, let u be a nonzero idempotent in APutl= {ux - x}‘v’x € A} , 1 is a regular

— 287 —




w1+ W

ideal and I < M , since M is the only one regular maximal ideal. .By lemma 5, we know

that Rad A=M, u¢ Radd=M .

Let i: A/M—F be an isomorphism and e: A—>A/M the natural epimorphism. Put
f=ioe, it is clear that f is an epimorphism and f(u)=1, since u+M is the identity of A/M.

4
A ——> A/M

WV

We claim that A=M @ Fu. For any a€ A, there exists
r=i(a+M)=f(a) such that fla-ru)=f(a)-rf(uw)=r-r=0, a-rue M.
We claim that M) Fu={0}. If xe M[) Fu then xe M and x € Fu, hence
x=ruy, re F Since ue M, r=0 and x=0.

We show that x-y=f(x)f(y)u,Vx,yeAd. For any xyed, we have
X=m +ru,y=m,+ru, where = f(x),r,=f(y).Since mx=o0,VxedmeM, we

have
x - y = (m, +ru)(m, +ru) = mm, +rum, +rum, + rru’ = rru = f(x) £ ()u.
The following example is to illustrate the existence of such algebra.

Example: let V be ‘an inner product vector space over real field R and u a unit vector.
Define the multiplication “o” by mon =(m - u)(n - Wyu,VmmneV.

It is easily check the (V,+,0) is a commutative ring, We claim that (V,+,0) has an

identity.
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If dim V=1 then V is generated by u; that is, for any me V there exists ¥ R such
that m=ru; Then

mou =4(m'u)(u'u)u =(ru-u)u-wWu=ru=m since u-u=1,
hence u is the identity in V.
Ifdim V =k =2, then V has no identity. Assume that e is an identity of V, then
e=eoe=(e- u)e - uwuelul

where [u] denote the ideal generated by u. Hence e=ru, for some re R.Since
dim V =k =2, there exists m ¢ [u], then

m=moe =(m - u)(e - w)u =(m - wyru < [u], a contradiction.

Therefore V has no identity.

Define M ={me Vlm-u =0}. We claim that M is a regular maximal ideal of V.
Clearly, it is an ideal.
(m-mow) - u=m -u-(m - wu - wu -u)=0 VmeV
hence m-mou € M, therefore M is a regular ideal.

Definef: V/M - R by f(v+M)=v - u,VveV. We show that f is well-defined.
If a+M=b+M then a-be M, (a-b)-u=(@u)-(b-w=o0 implies '
a-u=b-u Va,beV.

Now we claim that f is isomorphism. Clearly f is a homomorphism,;

fu+M)=ru-u=r VreRru+MecV/M
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and
ker f = {a+ Mla - u=0}={a+MlaeM}={M}.

Thus
ViM=R

Since R is a field, hence M is the only one maximal ideal.
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